Abstract. Motivated by recent experiments on the electro-hydrodynamic instability of spincast polymer films, we study the undulation instability of a thin viscoelastic polymer film under in-plane stress and in the presence of either a close by contactor or an electric field, both inducing a normal stress on the film surface. We find that the in-plane stress affects both the typical timescale of the instability and the unstable wavelengths. The film stability is also sensitive to the boundary conditions used at the film-substrate interface. We have considered two conditions, either rigidly attaching the film to the substrate or allowing for slip.
Introduction
Polymeric thin films are widely used in technological applications. In the liquid state they are used, for example, as lubricants while in the solid, most often glassy, state they can protect surfaces or give them a desired property. Clearly the stability of such coatings is a crucial issue determining their applicability and reliability.
Thin polymer films are usually produced starting from a dilute solution by various coating techniques. A very popular method is spin-coating [15] , as it results in very thin (down to tens of nanometers) and homogeneous films without pronounced surface roughness. However, spin-coating is a rather harsh process: the solvent usually evaporates on time scales much faster than the typical time the increasingly concentrated polymer solution (or finally the melt) needs to establish equilibrium conformations and equilibrium bulk-like properties. This is even more the case when the film thickness reaches some tens of nanometers and becomes of the order of, or even smaller, than the equilibrium coil size of the polymers. Hence spin-coated films are generally believed to be stressed, mostly in the plane of the film, as evidenced e.g. by dewetting experiments [4, 18] . Figure 1 . Sketch of the capacitor geometry. The thin polymer film is supposed to be under uniaxial stress σ 0 in x-direction (which could also be tensile). An external electric field in z-direction (for the unperturbed film) is imposed by externally applying a voltage V between two electrodes a distance d away. The gap can be filled with any dielectric having a differing dielectric constant from the polymer film.
Unfortunately, so far one does not have a good understanding of, and hence no handle on, these stresses. Valuable insight can however be extracted by the study (and careful comparison to the non-stressed case) of the various instabilities of thin polymer films reported recently:
(i) As already mentioned, if a very thin film is forced to cover a surface that it does not like, fluidizing the film by heating beyond the glass transition temperature induces dewetting of the film. From a rheological analysis [4] or the dynamics of the evolving rim [18] one can extract information about an averaged stress. Unfortunately, as the rim evolution is due to a complex interplay of the residual stress, the viscoelasticity and the dissipation/friction at the substrate [24, 27] , it may be hard to deconvolute these processes from the (time-dependent since relaxing) stress when interpreting experimental data.
(ii) A second well-known instability is the finger-like instability of the contact/adhesion front of a thin polymer layer sandwiched between the substrate and a thin elastic confining sheet (the geometry being similar to the peel test of an adhesive tape). This instability so far has been studied [9] only for rather thick films (micrometers) not prone to internal stresses due to the preparation process and has been described theoretically by various approaches [1, 7, 25] . The effect of external in-plane stress in this geometry has been studied [8] and shown to transform the sinusoidal-like fingers into triangular shapes. It might be difficult but possible to down-scale the film thickness to the range (below 100 nm) where internal stress should arise and to study the shape of the fingers as an indicator of stress.
(iii) One of the most promising setup, that will also be studied in this work, makes use of the socalled electro-hydrodynamic instability [19] , see the sketch in Fig. 1 . There the polymeric film is brought between the two plates of a capacitor and an electric field is applied normal to the film. Due to the dielectric mismatch between the film and the gap (usually either filled with air or a liquid), a Maxwell stress arises that drives the dielectric interface in a position of less energy, i. e. parallel to the field lines [23] . In the early stage of this instability, the surface starts to undulate with a characteristic wavelength. The growth rates of the undulations have been recently obtained by interferometry [3] and freshly coated (presumably stressed) films could be compared to aged ones (un-or less stressed).
In the absence of stress, the electro-hydrodynamic instability has been studied to a large extent for simple liquids [13, 21, 23] , but less for viscoelastic materials (solid or liquid) [20, 22] . If one wants to include stress for the viscoelastic case, one has to be aware of another instability known for elastic solids as the so-called Asaro-Tiller-Grinfeld mechanism [2, 10] . This instability describes the fact that the system can decrease its elastic energy, if a material transport mechanism is allowed, by undulating the surface and thereby relaxing stress. In purely elastic systems, material transport can originate from either crystallization/melting in the case of crystal films in contact with its melt, or surface diffusion. We recently studied this effect for an elastic polymer film including surface diffusion [6] . In the viscoelastic case studied in this paper, the film has liquid-like mobility and the (slow) diffusion is an additional contribution to the material transport. For simplicity, diffusion mechanism will be neglected in the present work.
The present work is organized as follows: in section 2 we describe a nonlinear formulation for the problem of a stressed viscoelastic film and discuss two different generic boundary conditions between the film and the substrate: slip and fixed. In section 3, we perform a general linear analysis of the stressed state with respect to surface undulations, followed by a detailed analysis and discussion of the two boundary conditions in section 4. In view of the fact that the instabilities (ii) and (iii) discussed above share similarities with the instability due to van der Waals forces upon approaching a contactor to the free surface of the film (studied e.g. in [20] ), we will also discuss this slightly simpler geometry in some detail. Finally, we conclude in section 5.
Model
As the detailed structure and the nature of the stresses for a spin-coated film are not known to date, we will apply a simplified but well-defined protocol. Note that to properly describe finite stresses in a thin polymer film, one has to use a nonlinear elasticity formulation.
Nonlinear elasticity formulation: Let us assume that the film was originally in a stress-free state (described by coordinates X = X i e i ). Then we stretch (or compress) the film, for simplicity uniaxially in the x-direction by a factor λ > 1 (λ < 1, respectively). This state described by coordinates x = x i e i is considered as the base state and is under uniaxial stress σ 0 xx , see below. Finally, the film is brought in close contact with the substrate (either still permitting for slip, or perfectly fixed to it, see the discussion of the boundary conditions) and can evolve under the in-plane stress and any additional force acting on it, here the electric Maxwell stress. This current state is described by coordinatesx =x i e i . For simplicity (and as a good approximation for elastomers and polymer melts) we assume the film to be incompressible.
The total deformation gradient tensor from X tox reads
Here
describes the stretching (or compression) of the incompressible film, where Diag specifies the diagonal entries of a 3 × 3 diagonal matrix. Note that this step must be formulated in the nonlinear regime, as stresses are finite (and not infinitesimal). Usingx = x + U, the second tensor,
(with I the identity tensor) introduces the usual linear displacement gradient tensor ∇U = (∂ j U i ) ij . It denotes the displacement in the current state with respect to the stretched state (which we refer to as the base state). As we are only interested in the stability of the base state, in this step a linearized theory is enough for our purposes. Assuming a Neo-Hookean elastic solid [14] , the Cauchy stress tensor is defined as
where B = F· F T is the left Cauchy-Green tensor. It describes the stress after a deformation in the current configuration per unit of area of the current configuration. G is the shear modulus and P is a Lagrangian multiplier (an effective pressure) that ensures the incompressibility condition.
In the base state, from Eq. (2.4) one directly gets σ 0 ij = 0 except for
This establishes a connection between the stretch factor λ of our protocol and the prestress σ 0 = σ 0 xx in the film.
Viscoelasticity: There are two basic models of viscoelasticity: the Maxwell model describes the simplest viscoelastic liquid and the Voigt-Kelvin model the simplest viscoelastic solid. In this work we will apply the Voigt-Kelvin model which takes into account viscous flow at short time scales and (non-linear Neo-Hookean) elasticity at long time scales. Thereby we can study the additional effects of transient viscous flows inside the film on the film instability under in-plane stress and normal electric stresses. In the geometry under consideration, the Voigt-Kelvin model is conceptually simpler than the Maxwell model which requires a separate treatment and will be discussed elsewhere.
In the Voigt-Kelvin model, the viscous and elastic degrees of freedom are 'in parallel', hence the stresses add and we can write the Cauchy stress tensor as a sum of elastic and viscous parts, generalizing Eq. (2.4) to
where η is the shear viscosity,
is the symmetric part of the velocity gradient L = ∇V and V =U [14, 17] .
Boundary conditions at the substrate: For thinner and thinner films, interfaces become increasingly important because of the increasing surface per volume ratio. This is equally true for the boundary conditions (BCs). Hence we discuss two distinct cases for the BC of the film at the substrate, to test the sensibility of the results on the BCs.
First of all, at the bottom surface defined by z = −h 0 , where h 0 is the stretched film thickness (cf. Fig. 1 ), we impose vanishing normal displacement
This simply states that the film is not allowed to detach from the substrate, i.e. we do not consider situations involving delamination. As the second BC needed to close the system, we impose: either the so-called slip BC slip BC :
which allows a displacement along the substrate, but no shear stress. Experimentally, this can be obtained by spin-coating a polymer film on a incompatible polymer brush attached to the substrate (as used e.g. in [18] ). In contrast, the so-called fixed BC fixed BC :
describes the case where the film is strongly attached (e.g. by chemical bonds) to the substrate. Boundary conditions at the free surface: At the free surface defined as z = ζ(x), cf. Fig. 1 , and assuming a quasi-static evolution, the normal-normal component of stress has to balance the surface tension whereas the shear stress has to vanish. The surface tension γ is acting against surface modulations. In addition to the elastic stress, assuming a perfect dielectric polymer, the electric field induces an electric contribution described by the Maxwell tensor [11] 
Here the index α = 1 denotes the polymer film and α = 2 the gap (ǫ 2 = 1 for air). Denoting the unit vectors normal and tangential to the surface byn andt, respectively, the normal stress BC at the free surface reads to leading ordern
As one hasn · (T (1) − T (2) ) ·t = 0, the tangential BC at the free surface is simply given bŷ
not influenced by the electric field.
The electric field has to fulfill the usual electrostatics equations with standard BCs at the dielectric interface [11] . We parameterize the free interface of the film by
where k = 2π lw is the wavenumber (and l w the wavelength) and s the growth rate of the perturbation. Assuming a small surface undulation (ε being a book-keeping parameter), Eqs. (2.11, 2.12) can be written in compact form as
at first order [where the normal vector reads n = (−∂ x ζ, 0, 1)]. The first two terms on the r.h.s. are the electric (Maxwell stress) contributions. Clearly, these contributions are independent of the viscoelastic properties and have been already calculated previously [6, 16] 
Note that both F and Y are strictly positive for ǫ 1 > ǫ 2 . The wavelength dependence of Y (k) is due to the boundary conditions for the electric field at the free surface, taking into account that undulations of this surface curve the electric field lines. Often, experiments are carried out with a contactor [20] , using van der Waals forces (instead of electric forces in the capacitor geometry) to destabilize the free surface.
In this case, we have just to consider Y (k) as a constant: Y (k) = Y = const. with according to [20] F = 1 6π
where A is the Hamaker constant (typically A ∼ 10 −19 J). Both cases will be discussed in the following.
Analysis
The bulk viscoelastic problem, neglecting effects of inertia, is given by ∇ · σ = 0. This is the standard elastic force balance [12] . Note, however, that due to viscoelasticity this is a dynamic equation. We will consider a plane strain situation (U y = 0 and none of the variables have y-dependence). Using incompressibility ∂ x U x + ∂ z U z = 0, we get
Note that in these equations the x-z-symmetry is broken by any finite stretch λ = 1: the base state (stretched state) is anisotropic, as the derivatives in x-and z-directions have different prefactors (λ
Eqs. (3.1) have a homogeneous solution, which obviously reads U x = 0 = U z and, upon imposing the BCs at the free surface, P = P 0 = −F + Gλ −1 , where F is the electric contribution to the pressure given in the last section. To study the stability of this homogeneous base state, the growth rates of small amplitude surface undulations have to be calculated. Using the ansatz
and incompressibility again, iku x + ∂ z u z = 0, the equations decouple. The equation for u z reads
where a superscript (n) means the nth derivative and
is an inverse length scale that depends both on the elastic properties (shear modulus and prestrech) and the dynamic properties (viscosity, as well as the time scale of the perturbation). The general solution of Eq. (3.2) for λ = 1 and G = 0 reads
This result is consistent with the pure elastic limit, η = 0, where one regains l = kλ 3/2 [6] . In the purely viscous case, G = 0, where l = k, the solution of Eq. (3.2) reads 5) identical to the result obtained in Ref. [22] . Note that for the unstretched, isotropic case one also gets l = k and hence solution (3.5).
In the next section, we will obtain u z for the two different BCs under consideration. A solvability condition then yields an equation for the growth rate of surface undulations s(k). Note that the linear problem is completely solved when u z is obtained, as u x can be obtained from it via incompressibility and p 1 from either one of Eqs. (3.1).
Fixed vs. slip condition at the substrate
Fixed BC at the substrate: In the case of the viscoelastic film being rigidly attached to the substrate, the vanishing displacement on the substrate implies
Imposing also the BCs at the free surface, Eq. (2.14), on the general solution (3.4), one gets
where we have introduced the abbreviations
3)
The condition for nontrivial, i. e. undulated, solutions to exist is given by
or εh = u z (0). This expresses that for consistency, the displacement at the surface must equal the height perturbation. Alternatively, the system of BCs could have been written as a 4 × 4 matrix equation and the roots of the determinant have to be determined. With u z already calculated, Eq. (4.4) can be written as hZ(k) = 0 with a wavenumber-dependent function Z(k). If one finds real wavenumbers k with Z(k) = 0, the film is unstable against periodic undulations; otherwise, hZ(k) = 0 implies h = 0 and the film is stable and stays flat. It is suitable to rescale the problem by introducing dimensionless units:
In case of the fixed BC (hence the subscript f ) one gets
Upon solving numerically the equation Z f (S, K, λ, Y, Γ ) = 0, one obtains the growth rate S f (K) of a mode of wave vector K as a function of the prestretch λ, the renormalized electric stress Y and the renormalized surface tension Γ . Fig. 2 displays the growth rates S f (K) for different stretch factors λ for typical parameter values of a thin polystyrene film of γ P S = 30 · 10 −3 Nm −1 , ǫ P S = 2.5, G = 6 · 10 5 Pa and a film thickness of h 0 = 100 nm. In reduced units this amounts to Γ = 0.5. For the destabilization, we use d = 4h 0 for the distance of the capacitor electrodes, and an applied voltage of V = 400V . In case of the contactor, we used Y = 10 = const.
The unstretched (hence unstressed) case λ = 1 is shown as the black curves in Fig. 2 . An analytical formula can be given in this case by taking the limit λ → 1,
which agrees with results obtained in Ref. [20] : for the contactor case, the critical value Y c corresponding to the lowest van der Waals force to be applied in order for an instability to develop, is given by Y c = 6.22, and the critical wavenumber by K c = 2.12, if the surface tension is neglected [20] . Note that in general, With decreasing stretch factor λ, the fastest growing wavenumber increases. Both figures account for a typical reduced surface tension of Γ = 0.5. Fig. 2 shows that for a sufficiently high van der Waals or electric force, wavenumbers within a certain window, namely those with S(K) > 0, can grow and an instability will develop. The maximum position of S(K) defines K f g , the fastest growing mode that dominates the short-time development of the instability and will be observed experimentally. Let us discuss the influence of the stretch factor λ and start with the small wavenumbers (large wavelengths). First of all, K = 0 has to be excluded, as it does not satisfy the incompressibility condition. For the limit K → 0, one can show S(K → 0) = −1/λ. Hence if the film is under tension, λ > 1, growth rates are shifted to less negative values while for compression, λ < 1, they are shifted to more negative values. A second noticeable behavior is that tension stabilizes the high wavenumbers as compared to the unstressed case (cf. cyan vs. black curve), while compression destabilizes them (cf. blue vs. black curve). Altogether this leads to the most unstable wavenumber K f g being shifted to smaller wavenumbers in case of tension and higher wavenumbers in case of compression. These observations hold for both destabilization mechanisms: contactor or capacitor. However, Fig. 2 also shows a difference: for the capacitor geometry, the maximum growth rate S(K f g ) always increases when λ decreases. Hence compression, λ < 1, is always more destablizing than tension, λ > 1. In contrast, for the contactor case, S(K f g ) does not monotonously increase with a decrease of λ, but has a maximum for λ ≃ 1.1.
Slip BC at the substrate: To investigate the sensitivity of the film stability on the BCs at the substrate, we now study the second BC discussed above. Otherwise the analysis is completely analogous. Allowing for slip at the bottom, the BCs (2.7, 2.8) imply
and hence A 1,s = A 2,s = 0. Using the BCs (2.14) at the free surface and Eq. (2.16), one gets 
By solving numerically Z s (S, K, λ, Y, Γ ) = 0, one obtains the growth rates S s (K) as shown in Fig. 3 for the contactor and in Fig. 4 for the capacitor geometry. In the unstretched limit λ → 1, one again gets a simple expression (shown in black in the figures),
Let us first discuss the simpler case of the contactor-induced instability. In this case, shown in Fig. 3 , as the growth rate is monotonous with negative curvature, one gets the instability threshold from the limit of small wavenumbers [28] . From the growth rate S s (K, λ = 1) =
. one immediately gets Y c = 4. Note that, in contrast to the fixed BC case, Y c is independent of surface tension. Considering small prestress, i.e. λ = 1 + δ with |δ| ≪ 1, one obtains
Hence small compression (δ < 0) stabilizes the system (as it increases Y c ), while small tension destabilizes, in agreement with Fig. 3 . Note that with increasing tension, the behavior is nonmonotonous: at first the growth rates slightly increase (middle panel of Fig. 3 ), while for higher tensions (λ > λ * s ≃ 1.145) they again decrease, see the right panel of Fig. 3 . Although we can not give a closed formula for S(K) for finite λ, this behavior can be explained analytically as follows: First, note that at threshold, S(Y c , K c ) = 0, and hence the viscosity does not play a role -the limit of instability for a viscoelastic solid is the same as for a purely elastic solid (this remark is general and independent of the BCs or the destabilization forces). Second, as the maximum of S is at K → 0, one can expand Eq. (4.8) with L = Kλ 3/2 and S = 0 in powers of K. Taking the limit K → 0 one gets a condition on Y leading to . A similar analysis is much more involved for the fixed BC, because the selected wavenumber K is finite. However, the black curve in Fig. 5 shows the numerically obtained threshold and the behavior is very similar to the case of the slip BC, albeit Y c is higher. Fig. 5 is further discussed when the two different BCs are compared, see below.
For the case of an electric field applied normal to the free surface, the growth rates are shown in Fig. 4 . They are not monotonous anymore, showing a maximum for a certain fastest growing wavenumber K f g . Both curves show that V c increases when λ increases: a stretch stabilizes the system, while compression destabilizes. The behavior of V c is quite similar for both BCs; Overall, with the slip BC the system is slighlty more unstable. Parameter: Γ = 0.5.
In the limit K → 0, we still get 12) i.e. as for the conductor case. For usually applied voltages, however, small wavenumbers are damped. The growth rate increases for decreasing stretch factor λ, quite similar as in the electric destabilization with the fixed BC. Under an electric field, the compression destabilizes the system, while the stretching stabilizes the system. Numerically, we can also obtain the critical electric potential V c and the critical wavenumber K c which are, respectively, the minimum electric potential needed in order to destabilize the free surface and the wavenumber of the undulations at this critical electric potential (see Fig. 6 and the discussion below).
Discussion: We have established that for both BCs, fixed and slip, the flat film can become unstable for high enough applied voltage or van der Waals force. However, (i) the nature of the instability depends severely on the BC and (ii) the characteristic wavenumber and time scale depends on the stretch. Now we would like to put our results in the framework of systems recently studied and discuss some of their implications. For the fixed BC, the results should be compared to those obtained in Ref. [20] , which we generalized here to include prestress. The influence of the slip BC should be discussed, which corresponds to a different experimental preparation of the film (film on a incompatible brush, cf. [18] , in contrast to rigidly attached film). Finally, the extension to viscoelasticity should be discussed in comparison to the purely elastic case recently studied in Ref. [6] , where the stress-induced undulations develop due to surface diffusion of polymers inside the film, rather than due to viscous (or viscoelastic) flow.
Let us first discuss the effect of compression vs. tension. As already discussed above, in case of λ = 1 (no stretch) we regain the results of Ref. [20] . In the case of the contactor-induced instability, the left panel of Fig. 5 shows that, for both BCs, the system is most unstable for a finite tension λ * f ≃ 1.156 and λ * s = 3 2 1/3 ≃ 1.145 (for the fixed and slip BC, respectively). If an electric field is used, for both BCs, the more important is the compression, the faster is the instability, while tension stabilizes the system. The nature of the destabilizing force (electric or van der Waals) modifies considerably the behavior of the instability: the system under an electric field is stabilized by a stretch and destabilized by a compression, while the contactor system is more unstable for a finite tension. Overall, the voltage/contactor force necessary to destabilize is higher in case of the fixed BC than for the slip BC, see Figs. 5 (left panel) and 6. This is due to the fixed BC being much more restrictive, especially for thin films, for the displacement field inside the film. Inspecting Figs. 2 and 4 , one can see that compression stabilizes (tension destabilizes) small wavenumbers while for high wavenumbers the inverse is true, i.e. S(K) is higher for compression than for tension. The same has been found in Ref. [6] for the elastostatic case (i.e. without viscoelasticity), so we can conclude that viscoelasticity does not change this general trend [29] . The same trend at low wavenumbers (and not too high tension) is found for the slip BC in the contactor case, cf. Fig. 3 . This means that the trend is also not sensitive to the BCs. Hence it is a purely elastic effect, associated to the Neo-Hookean model. To elucidate this point, we rederived the threshold Y c by using the normal stress balance, Eq. (2.14), as the solvability condition, allowing us to make connection to the the normal stress. For the slip BC and in leading order in k we can identify 13) which obviously leads to the same threshold dependence as Eq. (4.11). Hence, whithin the Neo-Hookean model, the in-plane nonlinear stretch λ causes the asymmetric (compression vs. extension) and nonmonotonous (concerning tension) dependence of the normal stress. For the contactor case, the main difference between the two studied BCs is that for the fixed BC one has a pattern forming instability, i.e. a finite range of wavenumbers around a certain K c = 0 is growing while long and short wavenumbers are damped, cf. also the inset of the left panel of Fig. 5 . K c is determined by S(K c ) = 0 and ∂ ∂K S(K) |Kc = 0. Fig. 5 displays that both K c and K f g are monotonously decreasing for increasing λ. For the slip BC case, on the contrary, only the long wavelengths are unstable. In an infinite system this corresponds to K c → 0, while in a realistic finite system, the longest possible wavelength will grow fastest. A second important difference is that for the slip BC the critical electric field Y c does not depend on the surface tension.
With a destabilizing electric field, there are no such crucial differences between the two BCs. The growth rate S(K) is slightly higher for the slip BC than for the fixed one. However, as observed in Fig. 7 , for the slip BC, the minimum unstable wavenumber can become zero (and the system is hence also unstable for long wavelengths, as in the contactor case), while this is not possible for the fixed BC. This can be inferred from the limits of the growth rates at small wavenumbers: for K → 0, we get S f (K = 0) = −1/λ < 0 but S s (K = 0) =
4λ which can become positive, depending on the value of Y C and the stretch factor λ.
The qualitative difference of the two instabilities (fixed vs. slip) in the contactor case can be understood as follows: in the slip BC case, the system prefers to slip (with viscous dissipation inside the film, but without losses due to friction at the substrate, as this is not yet accounted for in our model) rather than to undulate since undulations increase the surface energy while slipping can relax (elastic) energy. This explains why the selected wavenumber is K c → 0, in order to minimize costly undulations. The inclusion of a realistic friction mechanism with the substrate (which, however, can be nonlinear on the considered polymer-treated surfaces [5, 24, 26] ) would be necessary to determine whether a specific wavenumber will be selected with the slip BC.
Finally, the main difference with the purely elastic case, including surface diffusion as the mechanism of material transport [6] , is that the system studied here displays a threshold for the electric field. This is due to the fact that the system has to overcome the elastic restoring forces. This is best seen in the limit λ → 1, Y = 0, K → 0, where for both BCs one has S = −1 (see Eqs. (4.7) and (4.12)), equivalent to ηs = −G. For the Grinfeld-like mechanism studied in Ref. [6] , in contrast, any variation of the elastic energy induces a gradient of the chemical potential at the surface and hence drives surface diffusionthus this system does not display a threshold. For a detailed discussion of the dependence of the elastic instability on the stretch we refer to our previous work Ref. [6] .
Conclusions

